We present volume of fluid based numerical simulations of secondary breakup of a drop with high density ratio (approx. 1000) and also perform experiments by injecting monodisperse water droplets in a continuous jet of air and capture the breakup regimes, namely, bag formation, bag-stamen, multibag and shear breakup, observed in the moderate Weber number range (20-120). We observe an interesting transition regime between bag and shear breakup for We = 80, in both simulations as well as experiments, where the formation of multiple lobes, is observed, instead of a single bag, which are connected to each other via thicker rim-like threads that hold them. We show that the transition from bag to shear breakup occurs owing to the rim dynamics which shows retraction under capillary forces at We = 80, whereas the rim is sheared away with flow at We = 120 thus resulting in a backward facing bag. The drop characteristics and timescales obtained in simulations are in good agreement with experiments. The drop size distribution after the breakup shows bimodal nature for the single-bag breakup mode and a unimodal nature following lognormal distribution for higher Weber numbers.
We present volume of fluid based numerical simulations of secondary breakup of a drop with high density ratio (approx. 1000) and also perform experiments by injecting monodisperse water droplets in a continuous jet of air and capture the breakup regimes, namely, bag formation, bag-stamen, multibag and shear breakup, observed in the moderate Weber number range . We observe an interesting transition regime between bag and shear breakup for We = 80, in both simulations as well as experiments, where the formation of multiple lobes, is observed, instead of a single bag, which are connected to each other via thicker rim-like threads that hold them. We show that the transition from bag to shear breakup occurs owing to the rim dynamics which shows retraction under capillary forces at We = 80, whereas the rim is sheared away with flow at We = 120 thus resulting in a backward facing bag. The drop characteristics and timescales obtained in simulations are in good agreement with experiments. The drop size distribution after the breakup shows bimodal nature for the single-bag breakup mode and a unimodal nature following lognormal distribution for higher Weber numbers.
Introduction
A drop subjected to a high-speed stream of gas flow breaks up into smaller droplets. Similarly, a rain drop falling under gravitational field through air fragments into smaller droplets which may further undergo multiple coalescence and breakups [1] . In various industrial applications, a liquid jet issued at a high speed through thin nozzles (approx. a few hundred micrometres) breaks up into droplets of sizes smaller
Problem formulation
Among the several possible setups to study secondary breakup of a drop, the three most popular are (i) shock tubes, (ii) continuous jets and (iii) free falling droplets. In this study, we use the continuous air jet setup. A drop of diameter D 0 is placed at t = 0 in a flow with a constant farfield velocity field, U ∞ . We define the aerodynamic Weber number based on the relative velocity between the liquid drop and the gas stream at t = 0, as
where ρ g is the density of the ambient gas and γ is the surface tension coefficient at the drop surface. Assuming both the liquid and the ambient gas to be incompressible, the continuity equation is given by ∇ · u = 0, (2.2) where u is the divergence free velocity field. We use a volume of fluid method which is essentially a one-fluid model for two phase flows. The governing equations for the momentum are given by the Navier-Stokes equations augmented with surface forces to implicitly account for the interfacial boundary conditions of continuity of velocity, and normal and tangential stress balance, The last term in the equation accounts for the surface tension force (γ κ, where κ is the local curvature of the interface) on the interface embedded in a Eulerian grid and marked with the surface Dirac delta function, δ s . The direction of the force is along the local normal (n) at the interface. The surface tension force is modelled as a volumetric force using the continuum surface force approach owing to Brackbill et al. [42] . The evolution equation for the interface is given as an advection equation in terms of the volume fraction, F,
(a) Numerical method
We use an octtree-based adaptive mesh refinement volume of fluid algorithm in Gerris (see [43] [44] [45] ) to solve the above equations. Gerris uses a second-order accurate staggered time discretization for velocity, volume-fraction and pressure fields. The discretized equations are written as [43] ρ n+1/2 u − u n t
5)
F n+1/2 − F n−1/2 t + ∇ · (F n u n ) = 0, (2.6)
and ∇ · u n+1 = 0. (2.8)
Here, the subscripts (n + 1/2) define the intermediate time staggered time stepping adopted for void fraction field and thus velocity and density and, subscript five-pointed star marks the auxiliary velocity field which is corrected using the pressure correction equation, equation (2.7) , to obtain the velocity field at the next time step, n + 1. Advection equation for F (equation (2.6)) is solved in Gerris using geometric fluxing. Adaptive mesh refinement is performed using a cost function based on the local vorticity in the field and the gradient of the void-fraction field, thus using a very fine refinement in the regions of high velocity gradient and at the interface. We use a thin transition region of three cells for smoothing the physical properties across the interface. To validate the efficacy of the numerical algorithm in capturing high density ratios, we perform a capillary wave test case and compare with the analytical solution of Prosperetti [46] (also see [47] ). The simulation is performed for a density ratio of 1000 : 1.2 and viscosity ratio 1.003 × 10 −3 : 1.8 × 10 −5 . The surface tension coefficient is 72 mN m −1 . A good agreement between the numerical and analytical results is obtained (not shown here). Simulations of drop breakup have been performed for flow in a rectangular channel with slip boundary conditions employed at all boundaries except at the inlet and outlet for the crossflow. A spherical drop is placed at the centre of the channel at t = 0. The channel width is 10 times the droplet diameter. A uniform inlet velocity is imposed at the left boundary and outflow boundary conditions of Dirichlet on pressure and Neumann on velocity. The droplet is resolved using the finest grid size x = D 0 /200 (for the 230 µm droplets the grid resolution is approx. 1 µm). We note that even with this resolution the final rupture of thin liquid ligament/sheet would be essentially numerical, because the physics that governs the final breakup is molecular and would require multiscale modelling which hopefully would be possible in near future. The error encountered owing to VOF numerical clipping in the present simulations is of the order of the grid size that is approximately 1 µm. For all the simulations presented in this study, the liquid to gas density ratio is ρ l /ρ g = 1000. The liquid and gas Ohnesorge numbers are given by Figure 1 . Schematic of the experimental set-up used for the investigation of breakup of a drop in a high-speed gas flow.
(b) Experimental set-up
As discussed earlier, we use a continuous jet set-up to study secondary atomization experimentally. A schematic of the experimental set-up is shown in figure 1 . A spherical drop of water is made to fall vertically into the horizontal air jet to undergo breakup. A contoured nozzle with an orifice diameter of 2 mm is used to generate the required air flow. The internal section of the nozzle is designed so as to obtain a top-hat velocity profile at the exit which has been verified with the aid of PIV measurements. Pressure drop across the nozzle is calibrated and varied to obtain flow velocities up to 300 m s −1 , thus varying the Weber number. We note that in this study, We = 120 corresponds to a Mach number approximately 0.48, and thus the incompressible flow assumption in the numerical simulations is not strictly valid. Nevertheless, we argue that the numerical results presented here would capture the essential features of deformation and breakup and would in general be valid for bigger-sized drops approximately 1 mm for the range of non-dimensional parameters studied here. Mono-disperse drops having diameters of the order of 200 µm are generated with the aid of a mono-disperse drop generator (MDG). An orifice of diameter 100 µm is used for generation of these droplets. Flow rate and the forcing frequency are the variables that may be adjusted to generate drops having different velocities but having the same diameter. Different drop velocities are required to ensure that the drops penetrate into the potential core of the air jet at every Weber number. Inset in figure 1 shows the injected drop and its breakup as it enters the region of gas flow from a nozzle of diameter 2 mm. The air flow is from left to right from the nozzle shown in figure 1. As the air flow velocity is increased (thus increasing We), the vertically falling droplet requires higher velocity to penetrate into the core of the air jet before undergoing breakup. The droplets produced by mono-disperse drop generator are generated consistently, and there is little variation in breakup structures (breakup regime) from drop to drop (see figure 1 of the modified manuscript). In this study, we carry out experiments for Weber numbers ranging from 8 to 300.
Images are captured with the help of suitable optics and backlighting arrangements. Highspeed imaging is carried out in order to cover the rapid single drop breakup event with good enough temporal resolution. A high-intensity halogen lamp is used as the backlighting source for this procedure. The high-resolution images are captured with the aid of a 4MP CCD camera to obtain magnified images of the droplet structure. Here, an Nd-YAG laser with 10 ns pulse is used as the backlight source. The shallow depth of focus of the zoom-lens helps in getting images with good details of the drop structure. Figure 2 shows the morphology of the drop during its breakup at various Weber numbers. Figure 2a -d shows the formation of a single bag at We = 20, bag with a stamen at We = 40, multi-lobed bag (multi-bag) at We = 80 and shear-thinning mode at We = 120. In what follows, we discuss each of these modes in detail.
Results and discussion
(a) Bag mode (We = 20)
Chou & Faeth [8] showed that the bag-breakup regime of secondary breakup of a droplet can be divided into four stages. During the initial stage, the spherical droplet deforms into a disc shape forming an oblate spheroid. In the next stage, a hollow bag is formed which is attached to a toroidal rim (basal ring). Subsequently, the thin bag breaks up into tiny droplets leaving behind an intact toroidal rim. In the final stage, the rim breaks up into droplets owing to RayleighPlateau-type instability. We capture all the above-described stages of bag-breakup regime in our experiment for We = 20 ( figure 3 ) and the corresponding simulation (shown in figure 4 ). The timescales of breakup are generally measured using the characteristic secondary breakup time, t c (equation (1.1)). A typical characteristic timescale for a drop of size 0.5 mm at We = 20 for ρ l /ρ g = 1000 is 0.56 ms. In the present experiments, the size of the droplet studied is 230 µm and corresponds to t c ∼ 110 µs. The temporal evolution in our experiments (figure 3) shows that the breakup of the drop occurs at this timescale with initial flattening culminating at t/t c ∼ 1.31, breakup of the bag occurs at t/t c ∼ 2.6 and finally the breakup of the toroidal rim at t/t c ∼ 3.6. Figure 4 shows the temporal evolution of an initially spherical droplet at We = 20 obtained from the simulations. The sequence clearly shows the different stages of bag-breakup, namely the flattening of the initially spherical droplet (figure 4c at t/t c = 1.34), subsequent formation of the The mechanism of drop deformation and breakup is governed by an interplay of aerodynamic, capillary and viscous forces. The deformation is essentially caused by the aerodynamic forces, whereas the capillary and viscous forces, respectively, resist and delay deformation of the droplet. At low Oh l,g < 0.1, as is the case in this study, the viscous forces play little role in the drop breakup. Figure 5a shows the drop profiles at the centreline plane along the streamwise direction. Profiles have been obtained at equal intervals of t/t c = 0.23. The drop starts to deform into a staircase pyramid (shown by the brown contour) with little motion of the rear end of the drop which merely flattens (also see figures 4b and 3a corresponding to t/t c = 0.45). This behaviour is also in agreement with earlier experimental studies [8, 48] (also see [49] ). The flattening is essentially owing to the high pressure zones at the front and rear stagnation points at the droplet surface. The pyramid subsequently flattens further resulting into a saucer-shaped structure which shows a tendency of forming a backward facing bag at the rear end as is the case in rising bubbles (and also seen in earlier simulations for low density ratios [40, 50] (a) shows formations of nodes (figures 3d and 4i) which result in bigger droplets, and the remaining connecting segments undergo Rayleigh-Plateau breakup. Formation of a bag has been argued to be a result of RTI of the saucer-shaped disc formed by the flattening of the initially spherical droplet as shown in figure 5a. At the maximum deformation (cross-stream diameter is D max ), the flattened drop is uniformly thick in the whole region except for slightly thicker edges where rim formation starts. Once the bag starts forming the rim starts to draw in more liquid as seen in the images (figure 4f -h) and acts as a support to the bag. Zhao et al. [48] argued that the bag formation occurs when D max is larger than the critical RTI wavelength, λ c . The most dominant wavelength of RTI is given by [52] ,
where a is the acceleration of the drop and λ c is the critical wavelength beyond which the flattened drop would be unstable to RTI. Using the position of the centroids at different time instances, the acceleration of the droplet just before the initiation of bag formation can be estimated [48] . A nondimensionalized RTI wavenumber, given by K = D max /λ max , takes values between 1/ √ 3-1 for bag breakup regime [48] . In our simulations, the value of K for the case of We = 20 is 0.988 which agrees well with the experimental observations of Zhao et al. [48] . We note here that for sheets (flattened drop here) the finite thickness affects the critical and the dominant mode of Taylor instability (see [53] ). Following reference [53] , where stability of thin sheets accelerated in a lighter medium was studied, we compute the critical wavelength using their equation (30) . The critical wavelength for the We = 20 case is obtained as 1.63 times λ c . Clearly, there would be substantial discrepancy in the prediction of the threshold We number for transition from bag to bag-stamen regime. Also, because the deformed drop is finite in the transverse direction, the nature of Taylor instability would be further modified, and the possibility of other mechanisms governing the bag formation cannot be ruled out completely. Nevertheless, in our simulations for We = 20 and We = 40 (shown later), we find that the above-defined RTI number K based on λ max correctly predicts the bag and bag-stamen formation, respectively.
Further, formation of nodes (or digitations) at the rim are also a result of RTI as the rim accelerates along with the drop. Thus, in the bag breakup regime, the number of nodes on the rim is given by,
where L rim is the length of the rim [48, 51] . This suggests that, in the bag-breakup regime, typical number of nodes expected range from one to four. In our simulations, we obtain formation of two nodes (figure 4h,i) which agree well with the corresponding experimental observations (figure 3d,f ) for the same aerodynamic Weber number of We = 20. Drag coefficient can be estimated from the streamwise acceleration, a, of the drop,
where u is the velocity of the centre of mass of the drop. Figure 5b shows the variation of drag coefficient with time along with the variation in velocity of the drop. The drag coefficient initially increases owing to the flattening of the drop and peaks (C d ∼ 1.3) when the drop has flattened to D max and at this instant it starts forming the bag (figure 5b). During this period, the mean velocity of the droplet continues to increase but is still only 5% of U ∞ (see curve with open squares with readings on the right-hand-side axis). Upon the formation of the bag, the drag coefficient progressively decreases. Figure 5b shows that the drop velocities, even after the bag formation, are only approximately 10% of the ambient gas velocity. The drag coefficient for the initially spherical droplet is C d = 0.46 which is in agreement with the empirical value of approximately 0.45 (see [54] ) for the Reynolds numbers used here. For the flattened disc configuration at around t/t c = 1.3, C d ∼ 1.3 which is also in good agreement with the corresponding drag coefficient of C D = 1.2 for disc-shaped solids (cf. [55] ). The initial increase and subsequent decrease in the drag coefficient is also in agreement with earlier experimental results of [8] .
The left-over rim upon bag breakup eventually breaks up into droplets larger than the ones produced by bag rupture. This results in a bimodal distribution as also observed in experiments [8] . We discuss the variation in maximum cross-stream diameter of the droplet, D max , with time and the droplet size and velocity distributions, together with other bag-breakup regimes, later in §3e-f.
(b) Bag-and-stamen mode (We = 40)
For higher magnitudes of We (24 < We < 85; table 1), attained by increasing the free stream velocity, the drop disintegration transitions from the single bag breakup mode into multimode breakup. Multimode breakup regime can be further categorized into several different breakup modes of which bag-stamen mode has been observed to occur at the lower end of Weber numbers ((24 < We < 45; see [48] ). As observed for the single bag-breakup regime, the drop initially flattens on encountering the stream of uniform high-speed air flow (see figure 6a-f showing drop flattening captured in simulations and figure 7a, showing experimental observations) and subsequently a bag starts forming as shown in figure 6g and corresponding experimental observations shown in figure 7b. Also, from figure 6g (and figure 7c) , it is clear that the bag surface undergoes a bulge in the centre which eventually leads to the formation of stamen. In contrast to the bag-breakup regime discussed above for We = 20 where rupture of the bag is initiated by hole formation, the bag membrane rupture at We = 40 is initiated by formation of slits as shown in figure 6h . Interestingly, the bag undergoes slight folding near the rim (figure 6) where we observe formation of first slits. As the gap between the slit widens, the sheet splits up into multiple threads which eventually breakup into smaller droplets owing to Rayleigh-Plateau instability as shown in figure 6i . Finally, the whole of bag undergoes breakup fragmenting into a large number of small droplets and leaving behind a toroidal rim and a stamen at the centre (figure 6h). This slit-like hole formation could be numerical as well owing to the representation of the interface using a finite grid size. Nevertheless, the effect of thinning of the bag on rupture dynamics for higher We is clearly indicated. At lower We = 20, we note that the hole formation agrees well with experimental observations. The stamen is an elongated cylindrical ligament, as also observed in experiments (figure 7d), and is roughly of the same size as that of the rim. It is also characterized by a bigger nodal droplet at its windward tip. As the breakup proceeds, the nodal droplets both from the rim and the stamen get pinched off. Both the stamen and the rim result in droplets much larger than the ones produced by bag rupture as shown in figure 6k . We also observe a couple of thread-like structures which connect the stamen with the rim. The features captured in the present simulations are in good agreement with the experimental results shown in figure 7 . Figure 11a shows the evolution of drop shape up to bag formation. It can be observed that owing to the high stagnation pressure, the leeward side of the drop moves little and shows formation of a depression towards the windward side. This is in contrast with the We = 20 case where the leeward side of the droplet merely stagnates and its movement is essentially in the downstream direction ( figure 5a ). Figure 11a clearly shows that in the drop reference frame there are two stages in which the leeward side of the drop has negative displacement: one is during flattening and second is in the later stages of bag formation where the centre of the flattened drop forms a bulge towards the windward side. Subsequently, owing to RTI, this perturbation grows and draws liquid from the bag sheet to form a stamen (see [22, 48] ). Because RTI plays a major role in the bag and stamen formation, we argue that the RT wavenumber dictates the mode of breakup. The value of non-dimensionalized wavenumber, K, for the We = 40 case is 2.05 suggesting formation and growth of two crests, one corresponding to the rim deformation and another corresponding to the bulge in the centre leading to formation of stamen (figure 11a). We note here that according to Zhao et al. [48] , the bag-stamen breakup regime occurs for K ∈ (1 − 2). To verify further if the exact mechanism of stamen is indeed RTI, we plot the velocity vectors drawn in the reference frame of the moving droplet ( figure 8 ). Figure 8a shows the rim portion receiving fluid from the bag region, and similarly, figure 8b shows that the central region of the bag receives fluid from the bag region. This suggests that the central region and the rim of the drop are two nodes of RTI and receive progressively more fluid from the thinning bag which is the anti-node of RTI. The number of nodes expected to form at the rim in the bag-stamen regime, as predicted in reference [48] , is between π to 2π (i.e. 3-6). In our simulations as well as experiments, we observe formation of four nodes (figures 6j and 7d). The mechanism of formation of nodes at the rim is similar to the We = 20 case discussed in the previous section.
(c) Multi-bag mode (We = 80)
As We is increased further there is a transition into the next regime of breakup termed as the multi-bag breakup. While the initial development of the bag (captured in simulations as shown in figure 9a-e and in experiments as shown in figure 10a,b) looks very similar to the singlebag and bag-stamen breakup, the differentiating part is the formation of multiple lobes on the bag membrane (see figure 9h,i and in experiments figure 10c ). This particular regime, involving formation of multiple lobes, has been a recent observation even in the experimental studies [14, 51] . The fewer observations of this regime in the literature may be due to the fact that this regime is observed only for a narrow range of We falling between the transitions of well-identified regimes of bag-stamen and shear breakup. The formation of multiple bags is due to the RayleighTaylor-like instability in large liquid drops as shown for falling drops in [51] . The events that follow from the initial flattening of the drop are as follows. As the flattened region starts to bulge out, the precursors to the lobes may readily be observed in the form of multiple dents on the bag. The interconnections between these lobes form thread-like structures (marked in figure 9i and in experiments in figure 10d) holding the lobes together. In our simulation for We = 80, we observe formation of four such lobes, and subsequently, each bag-shaped lobe continues to disintegrate similar to breakup of the bag in the bag-stamen breakup regime. The interconnecting threadlike structures that hold the lobes together, upon breakup of the lobes into tiny droplets, form ligaments and nodes similar to that of the rim. The rim itself exhibits behaviour similar to that observed in the single-bag and bag-stamen regimes discussed earlier. Figure 11b shows the evolution of drop profiles at the centre-plane in the simulations. The initial deformation of the drop is similar to that seen for We = 40. However, few features especially in the later stages of droplet deformation are different from the We = 40 case. The drop deformation was very symmetric for We = 20 and We = 40 (figures 5a and 11a). For We = 80, the undulations appear on the droplet surface owing to RTI (K = 2.2) and their growth leads to thickening of rims and the central region as the bag sheet thins. During the formation of the bag, the asymmetric undulations lead to a thicker rim in the top portion of the drop. The initial tendency of the rim is to deform in the streamwise direction owing to the shearing caused by the high-speed gas stream. As it progressively thins, owing to shearing, the local surface tension forces increase and overcome the shearing forces. Subsequently, the rim retracts back forming a visibly thicker rim in the top region of the drop. Owing to asymmetry the drop experiences a moment and rotates slightly with the thicker region advancing ahead. Moreover, the thicker region is fed with more liquid from the thinner region owing to RTI. Therefore, the thicker region continues to grow thicker (figure 11b) as the drop continues to deform into bag-shaped lobes as discussed above. We argue that the multi-bag regime is characterized by the RTI similar to the bag-stamen breakup, but the nonlinear dynamical structures are different and instead of formation of a single bag with a thin stamen at the centre, four connected lobes are formed. We note that the multi-bag mode discussed above is different from the dual bag breakup mode observed in [15] which occurs at relatively lower We. In our experiments, we consistently observed the multi-bag regime in the narrow range of We ∼ 65-85.
(d) Shear-stripping regime (We = 120) Shear-stripping regime is observed at high aerodynamic Weber numbers (table 1) . Although the initial flattening is similar to previous cases, the high-speed flow over the periphery of the drop initiates the formation of ligaments owing to RTI even before the drop has flattened completely (see figures 12c-e and 13 showing simulation results and experimental observations, respectively). Owing to stripping of the liquid from the periphery, the formation of a rim which could have supported a possible bag is hindered. In contrast to We = 80, where the retraction of the rim was observed, for We = 120 the high inertial forces overcome the restoring effect of surface tension ( figure 12a-c) . The ligaments formed subsequently owing to RTI are stretched in the streamwise direction and fine droplets are continuously pinched-off from their free ends owing to Rayleigh-Plateau instability as shown in figure 12d-h. A considerable volume of the initial drop is stripped-off through this process, and the size of the residual drop rapidly reduces and the effective Weber number decreases, and thus further breakup of the drop may transition to bag or vibration mode. In the present simulations, although bulk of the droplet undergoes shear stripping, formation of a smaller bag is observed for We = 120 case ( figure 12e-f ) . The drop sizes in the shear stripping regime, owing to rapid breakup of the droplet by formation of ligaments and their Rayleigh-Plateau breakup, are not expected to exhibit bi-modal distribution as observed in the bag-breakup regimes but a lognormal distribution (shown later in §3f). Figure 13 figure shows that the periphery of the droplet has maximum streamwise velocity and a boundary layer formation in the drop is clearly visible with the rear end of the drop having lower velocities, and the velocity on the windward side increases progressively from the central region to the periphery. The shearing of the periphery in the streamwise region leads to a completely different morphological evolution when compared with the bag-breakup regimes discussed previously in this study. Figure 14a shows that although the velocity field during the initial flattening is similar to the bag-breakup regime, the rim retraction is not observed in the shear-stripping regime and owing to higher aerodynamic forces, the drop periphery continues to gain velocity (figure 14b) and eventually breaks up owing to RTI.
We showed above that the different regimes of drop breakup observed in experiments are captured well in the numerical simulations presented in this study. In what follows, we discuss in detail the various features observed in the bag breakup regime, namely initial flattening of the drop into a disc, subsequent formation of the bag and its breakup, and the formation of the rim. Drop size and velocity distributions for drop breakup at different We have also been discussed.
(e) Disc characteristics and rim formation
As discussed earlier, at higher Weber numbers (We ≥ 20), surface tension forces are weaker compared with aerodynamic forces and thus the drop initially, for a short duration, merely deforms without gaining momentum from the ambient uniform flow. This is primarily because, for the low Ohnesorge values (Oh < 0.1) studied here, the viscous effects are negligible in comparison with the inertial forces and therefore, the momentum does not diffuse through the drop at such short timescales. Moreover, owing to the high density ratio, the momentum transfer at the windward side results in smaller velocities in the drop. The drop deforms from a spherical shape into a stair-cased pyramid and finally into a disc. During the pyramid formation, the drop flattens at both the upstream and downstream ends owing to sandwiching effect caused by high pressures at both upstream and downstream ends of the drop. For We = 40 and 80, the sandwiching effect is more pronounced thus resulting in a significant upstream motion of the rear end of the droplet ( figure 11a,b) . Nevertheless, the maximum cross-stream diameter of the drop attains a value of around approximately 2 in all the bag breakup regimes. Figure 15 shows variation in the maximum cross-stream diameter, D max , of the drop with time for We = 20, 40 and 80. Initially, the cross-stream diameter increases linearly with time and formation of the bag, at around t/t * = 1.7, is marked by a change over to a steeper slope. The increased growth rate of D max for all the regimes is essentially owing to the higher pressure caused by the stagnation of the gas in the bag which results in a radial outward force on the rim [8] . The change in the growth rate of D for different We has been attributed to higher RT instability growth rates corresponding to higher values of drop acceleration, a, with increasing We [56] . Chou & Faeth [8] suggested the following empirical relation for the bag breakup regime, and Zhao et al. [56] suggested the following for the bag-stamen breakup mode:
Cao et al. [15] presented an empirical relation for the dual-bag breakup regime given by, Figure 15 shows that the bag-breakup regimes observed in our simulations as well as experiments fall within the different empirical relations given by equations (3.3)-(3.5) for bag and dual-bag breakup regimes with that for bag-stamen (equation (3.4) ) between them. A theoretical estimate of the extent of maximum deformation can be obtained by performing a balance between the capillary and pressure forces on the drop. By performing a pressure balance between the drop and the ambient flow in an approximated oblate deformation of the drop at the stagnation point and the drop periphery: P B − P A = γ κ A and P drop − P B = γ κ B , where subscripts A and B denote quantities evaluated at the stagnation and periphery locations of the drop, respectively, P is the pressure and curvatures
Here, D max and D s are the cross-stream diameter and minor-axis, respectively. Equation for We = 20, we obtain 1.85 which is close to the value estimated using equation (3.6). The estimate from equation (3.6) is also in good agreement with the maximum deformation D max ∼ 1.8 and 2.15 observed in the simulations presented here and also in previous experimental studies of Chou & Faeth [8] (approx. 1.8 for bag mode) and [48] Bag formation critically depends on the formation of a torus rim which supports the bag during its further growth and eventual breakup. Previous numerical studies for low drop to ambient density ratios show the formation of flatter rims and a backward facing bag (see [40, 50, 58] ). However, in this study, we simulate drop breakup for a higher density ratio (approx. 1000) and obtain a forward facing bag, for We = 20, 40 and 80, with thicker and circular torus rims. The retraction velocity of a rim attached to a planar sheet is given by [59] (also see [51] ) as,
Here, h is the thickness of the film, which for the case of bag breakup corresponds to the thickness of the bag. Because the retraction velocity of the rim is inversely proportional to the film/bag thickness, it increasingly counters the effect of shear on the rim, owing to the ambient gas flow, that drags it forward and eventually the rim retracts. Non-dimensionalizing the retraction velocity with the characteristic liquid velocity in the bag, D 0 /t c , we obtain 8) where h * = h/D 0 and v * ret = v ret t c /D 0 . This expression indicates that with increasing We, the retraction velocity would decrease and beyond a critical We, rim retraction shown in the figure 16 would not occur. Figure 16 shows the film retraction phenomenon for We = 80 at time t/t c = 1.43 and t/t c = 1.52, respectively. Figure 16 The dependence of rim formation on We can also be understood by estimating the local Weber number at the rim, We rim . Considering the local value of We at the rim surface, We rim ∼ We d rim /D 0 (where the diameter of the rim, d rim is obtained from the simulations), for We = 120 results in We rim = 12 which is above the critical drop breakup Weber number, whereas for We = 80, we obtain We rim = 4 which is substantially smaller than the critical We and therefore rim retraction is expected for We = 80. Experimentally, it has been observed that the drop transitions from bag breakup regime to shear-stripping in the range of We ∼ 80-120.
A prominent feature of rim morphology is the presence of digitations (or node-like structures) in the bag-breakup regime. Similar structures have been observed during the high-speed gasassisted atomization of a liquid jet [60] . Beyond a critical speed of gas, undulations on the liquid jet become non-axisymmetric and form nodes with spacing λ max (equation (3.1) ). Therefore, the number of nodes expected are given by N = L ring /λ max , where L ring is the total length of the rim. Similar observations were made in [48] for the breakup of a drop in gas crossflow. Zhao et al. [48] assumed, to estimate the number of nodes, that the perturbations on the drop periphery (rim or basal ring) appear just before the initiation of the bag formation, however, we argue (figure 4e) that the perturbations can be seen on the drop periphery as soon as the windward side of the drop has flattened. These perturbations grow into varicose undulations and eventually lead to the formation of nodes (as also shown in [61] for the breakup of Kelvin-Helmholtz rolls during the gas-assisted atomization of a liquid jet). The bi-modality of the PDF of size distribution of fragmented droplets observed during bag breakup is essentially because of the presence of the large size droplets caused by node formation. These droplets contain a substantial fraction (approx. 89% for We = 20) of the volume of the unfragmented drop.
(f) Bag fragmentation and timescales
The mechanism of fragmentation of bag has been much debated and is still not well understood [25] . Although it is clear that the fragmentation is caused by the continuous stretching of the thin bag, the exact nature of the instability is still not known essentially owing to the associated small timescales which limit the experimental observations. Jalaal & Mehravaran [58] and also Khare et al. [50] , in their simulations for low density ratios, show that the breakup of the bag is initiated by the formation of holes and their further growth leads to the formation of ligaments. Figure 17 shows the formation of holes and their growth for bag breakup at We = 20. The formation of hole and their subsequent expansion leading to bag rupture are similar to those observed in bursting of thin films (see fig. 5a of [62] ). These features are difficult to observe in experiments of drop breakups owing to the extremely small timescales. Figure 18 shows the ruptured lobes for We = 80 and the details of the progress of the breakup near the rim. The four connecting threads are still intact even after the breakup of the bag and are clearly visible in figure 18a . The rupture of the bag shows interesting features of the rim behaviour for We = 80. The formation of nodes of the rim is influenced by the breakup of the lobes (figure 18b) and a section of the rim appears to breakup into threads (figure 18c). Figure 18d shows that the thread, that was supporting a pair of lobes, is intact and is attached to the rim.
The rupture of the bag can be explained by sheet instability mechanism proposed in [63] and further extended in [53] by accounting for surface tension and using first-order perturbations. Bremond & Villermaux [62] used the analytic solution of [53] for comparing the rate of growth of perturbations in the instability of vanishingly thin layers of capillary number 1. The dominant wavenumber predicted in [53] is given by K max = (ρ l a/3γ ) 1/2 . Because the whole of the bag surface can be assumed to move with nearly the same acceleration, the instability during breakup would correspond to a thin band of wavenumbers (∼K max ) and therefore result in a narrow band of drop size distribution (shown later). During the destabilization stage, the film is first perforated with tiny holes which grow to form thin liquid threads at their respective boundaries.
Liu & Reitz [30] argued, based on their experimental observations, that the bag breakup mechanism essentially occurs by the stretching of the bag in the streamwise direction and leads to formation of the ligaments aligned along the direction of the gas flow. Stapper & Samuelsen [64] proposed the above 'stretched streamwise ligament breakup' mechanism for flat liquid sheets exposed to high speed co-flowing gas. Strapper & Samuelsen [64] showed that although the streamwise breakup mode is present, the dominant mode is still the spanwise breakup mode. Nevertheless, the ligaments so formed by either modes, subsequently align along the streamwise direction owing to the high velocity of the co-flowing gas which is also observed in our simulations as well as in experiments. behaviour for bag breakup at We = 20 with two distinct peaks in the PDF, one at approximately 0.02D 0 and another at 0.05-0.06D 0 . Gelfand [9] also showed bimodal behaviour of the distribution which is essentially due to the droplets formed during rim breakup. With increase in We to 40, the second peak subsides and the peak at approximately 0.02D 0 becomes more prominent. For higher We, 80 and 120, the number of smaller droplets corresponding to the peak at 0.02D 0 increases substantially and the larger fragments are nearly absent. The lognormal distributions show a good fit with parameters μ = −3.19, −3.42, −4.34, −3.76 and σ = 0.58, 0.45, 0.34, 0.31 for We = 20, 40, 80 and 120, respectively. Hsiang & Faeth [57] motivated by the results of Ruff et al. [65] for densely atomized sprays suggested a lognormal distribution function with the mass mean diameter (MMD) to SMD ratio of 1.2. Their experimental results, for a range of We and Oh < 0.1, were scattered in a thin band of MMD/SMD ∈ (1.1-1.5). In the simulations presented in this study, the MMD/SMD ratio for We = 20, 40, 80 and 120 are 1.2, 1.33, 1.47 and 1.49, respectively, which are in good agreement with the previous studies.
The initial deformation timescale, T ini , of approximately 1.3-1.6 t c compares well with the experimental correlation of [57] , T ini = 1.6t c /(1 − Oh/7) ∼ 1.6t c , proposed for We < 10 3 . In our experiments, we observe that initial flattening of the drop, for We = 20, completes at t/t c = 1.32 and for We = 120 at t/t c = 1.05. Timescales of initial flattening and subsequent breakup of the bag for different We show good agreement between the simulations and the experiments presented in this study. 
Conclusion
In this study, we investigate the breakup of a drop by performing volume of fluid based simulations for moderate aerodynamic Weber numbers (20 < We < 120) and compare the results with the experiments performed using a continuous jet setup. Simulations have been performed with water-air density ratio of 1000 : 1 and therefore compare quantitatively well with experiments for corresponding values of We. These are the first three-dimensional drop breakup simulations for high-density ratios spanning all the bag breakup regimes. The bag breakup regimes, viz. the bag breakup, bag-and-stamen breakup, multibag breakup and shear breakup regimes, are well captured in the present simulations and the breakup processes agree well with the observations made experimentally in this study as well as in earlier experiments [8, 15, 48, 56] . The deformation timescales as well as breakup structures are also in close quantitative agreement with the experiments. The variation of D max /D 0 is in agreement with the previous studies for all the values of We.
We observe an interesting transition regime between bag and shear breakup for We = 80 where we observed formation of multiple lobes, instead of a single bag, which are connected to each other via thicker rim-like threads that hold them. In our experiments, we observed such a multibag breakup in a thin band of Weber number, 65 < We < 85, and occurs in the multi-mode (bag to shear breakup transition) regime. Such a breakup has not been studied sufficiently previously. We show that the formation of multiple bags, like the formation of stamen in bag-stamen mode, is also due to RTI.
From our simulations, we identify the rim dynamics which results in the transition between the bag breakup and shear breakup, for We = 80 and We = 120, respectively. The velocity of the rim retraction in the simulations agree well with the theoretical values of the Culick velocity obtained for an average film thickness of the bag. We show that for high We = 120 the shear forces drag along the rim and lead to stretching of the periphery of the drop in the streamwise direction thus resulting in a backward facing bag with streaming of drop from the periphery. On the other hand, for We = 80, rim shows a tendency of getting sheared by the flow but upon subsequent deformation retracts back leading to the formation of a more circular and stable rim.
The resultant drop sizes obtained in the simulations follow lognormal distributions with SMD/MMD ratio approximately 1.2 which is in agreement with the previous experimental studies. The bimodal behaviour is seen for drop breakup at lower We = 20 and unimodal PDFs are obtained for higher We. A complete understanding of the size distribution of droplets from secondary atomization would be immensely important for developing more accurate secondary breakup models for dense sprays [66] .
Data accessibility. The corresponding author may be contacted for the details on the Gerris implementation (http://gfs.sourceforge.net) of the computational work and also the experimental set up.
